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a b s t r a c t
In thisworkweare interested in the existence of solutions forDirichlet problems associated
with the degenerate semilinear elliptic equations
−
n∑
i,j=1
Dj(aij(x)Diu(x))− µu(x)g(x) = −f (x, u(x)) onΩ
in the setting of the weighted Sobolev spacesW 1,20 (Ω, ω).
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this work we prove the existence of (weak) solutions in the weighted Sobolev spaces W1,20 (Ω, ω) (see Definition 2.2)
for the Dirichlet problem
(P)
{
Lu(x)− µu(x)g(x) = −f (x, u(x)), onΩ
u(x) = 0, on ∂Ω
where L is the partial differential operator
Lu(x) = −
n∑
i,j=1
Dj(aij(x)Diu(x)) (1.1)
with Dj = ∂/∂xj (j = 1, . . . , n),µ ∈ R,Ω is a bounded open set inRn, where the coefficients aij are measurable, real-valued
functions whose coefficient matrixA = (aij) is symmetric and satisfies the degenerate elliptic condition
λ|ξ |2ω(x) ≤
n∑
i,j=1
aij(x)ξiξj ≤ Λ|ξ |2ω(x) (1.2)
for all ξ ∈ Rn and a.e. x ∈ Ω , ω is a weight function (i.e., a locally integrable function on Rn), λ andΛ are positive constants.
By a weight, we shall mean a locally integrable function ω on Rn such that ω(x) > 0 for a.e. x ∈ Rn. Every weight ω
gives rise to a measure on the measurable subsets of Rn through integration. This measure will also be denoted by ω. Thus,
ω(E) = ∫E ωdx for measurable sets E ⊂ Rn.
In general, the Sobolev spaces Wk,p(Ω) without weights occur as spaces of solutions for elliptic and parabolic partial
differential equations. For degenerate partial differential equations, i.e., equations with various kinds of singularities in the
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coefficients, it is natural to look for solutions in weighted Sobolev spaces (see [1–3]). A class of weights which is particularly
well understood is the class of Ap-weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [4]). These
classes have foundmany useful applications in harmonic analysis (see [5]). Another reason for studyingAp-weights is the fact
that powers of the distance to submanifolds of Rn often belong to Ap (see [6]). There are, in fact, many interesting examples
of weights (see [7] for p-admissible weights).
The following theorem will be proved in Section 3.
Theorem 1.1. Let ω be a weight, ω ∈ A2. Suppose that:
(H1) The function f : Ω × R → R satisfies the Carathéodory condition, that is, x 7→ f (x, t) is measurable on Ω for all t ∈ R
and t 7→ f (x, t) is continuous on R for almost all x ∈ Ω .
(H2) There exist two nonnegative functions g1 and g2, g1 ∈ L2(Ω, ω)∩ L2(Ω, ω−1), g2 ∈ L∞(Ω) and g2/ω ∈ L∞(Ω) such that
|f (x, t)| ≤ g1(x)+ g2(x)|t|.
(H3) The function t 7→ f (x, t) is monotone increasing on R for all x ∈ Ω .
(H4) g/ω ∈ L∞(Ω).
Then there exists a number C1 > 0 such that if 0 < µ < C1 the problem (P) has exactly one solution u ∈ W 1,20 (Ω, ω). Moreover,
there exists a number C2 > 0 such that if 0 < µ < C2 then ‖u‖W1,20 (Ω,ω) ≤ C3‖g1‖L2(Ω,ω−1).
2. Definitions and basic results
Let ω be a locally integrable nonnegative function in Rn and assume that 0 < ω <∞ almost everywhere. We say that ω
belongs to the Muckenhoupt class Ap, 1 < p <∞, or that ω is an Ap-weight, if there is a constant C = Cp,ω such that(
1
|B|
∫
B
ω(x)dx
)(
1
|B|
∫
B
ω1/(1−p)(x)dx
)p−1
≤ C
for all balls B ⊂ Rn, where |.| denotes the n-dimensional Lebesgue measure in Rn. If 1 < q ≤ p, then Aq ⊂ Ap (see [8,7]
or [5] for more information about Ap-weights). The weight ω satisfies the doubling condition if ω(2B) ≤ Cω(B), for all balls
B ⊂ Rn, where ω(B) = ∫B ω(x)dx and 2B denotes the ball with the same center as B which is twice as large. If ω ∈ Ap, then
ω is doubling (see Corollary 15.7 in [7]).
As an example of Ap-weight, the function ω(x) = |x|α , x ∈ Rn, is in Ap if and only if −n < α < n(p − 1) (see Corollary
4.4, Chapter IX in [5]).
If ω ∈ Ap, then
(
|E|
|B|
)p
≤ C ω(E)
ω(B) , whenever B is a ball in R
n and E is a measurable subset of B (see 15.5, the strong doubling
property in [7]). Therefore, if ω(E) = 0 then |E| = 0.
Definition 2.1. Let ω be a weight, and let Ω ⊂ Rn be open. For 0 < p < ∞ we define Lp(Ω, ω) as the set of measurable
functions f onΩ such that ‖f ‖Lp(Ω,ω) =
(∫
Ω
|f (x)|pω(x)dx)1/p <∞.
If ω ∈ Ap, 1 < p < ∞, then ω−1/(p−1) is locally integrable and we have Lp(Ω, ω) ⊂ L1loc(Ω) for every open set Ω (see
Remark 1.2.4 in [9]). It thus makes sense to talk about weak derivatives of functions in Lp(Ω, ω).
Definition 2.2. Let Ω ⊂ Rn be open, 1 < p < ∞, k a nonnegative integer and ω ∈ Ap. We define the weighted Sobolev
spaceW k,p(Ω, ω) as the set of functions u ∈ Lp(Ω, ω) with weak derivatives Dαu ∈ Lp(Ω, ω), 1 ≤ |α| ≤ k. The norm of u
inW k,p(Ω, ω) is defined by
‖u‖W k,p(Ω,ω) =
(∫
Ω
|u(x)|pω(x)dx+
∑
1≤|α|≤k
∫
Ω
|Dαu(x)|pω(x)dx
)1/p
. (2.1)
We also defineW k,p0 (Ω, ω) as the closure of C
∞
0 (Ω)with respect to the norm
‖u‖W k,p0 (Ω,ω) =
( ∑
1≤|α|≤k
∫
Ω
|Dαu(x)|pω(x)dx
)1/p
.
If ω ∈ Ap, thenW k,p(Ω, ω) is the closure of C∞(Ω) with respect to the norm (2.1) (see Corollary 2.6 in [9]). The spaces
W 1,2(Ω, ω) andW 1,20 (Ω, ω) are Hilbert spaces. It is evident that the weightsωwhich satisfy 0 < C1 ≤ ω(x) ≤ C2 for x ∈ Ω
give nothing new (the spaceWk,p(Ω, ω) is then identical with the classical Sobolev spaceW k,p(Ω)). Consequently, we shall
be interested above all in such weight functions ω which either vanish somewhere in Ω¯ or increase to infinity (or both).
For more information about weighted Sobolev spacesW k,p(Ω, ω)with ω ∈ Ap see [7,5,9]. For information about weighted
Sobolev spaces with other weights see [10].
In this work we use the following two theorems.
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Theorem 2.3. Let ω ∈ Ap, 1 < p < ∞, and let Ω be a bounded open set in Rn. If un → u in Lp(Ω, ω) then there exist a
subsequence {unk} and a functionΦ ∈ Lp(Ω, ω) such that:
(i) unk(x)→ u(x), nk →∞, ω-a.e. onΩ;
(ii) |unk(x)| ≤ Φ(x), ω-a.e. onΩ .
Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [11]. 
Theorem 2.4 (The Weighted Sobolev Inequality). Let Ω be an open bounded set in Rn and ω ∈ Ap (1 < p < ∞). There exist
constants CΩ and δ positive such that for all u ∈ C∞0 (Ω) and all k satisfying 1 ≤ k ≤ n/(n − 1) + δ, we have ‖u‖Lkp(Ω,ω) ≤
CΩ‖∇u‖Lp(Ω,ω).
Proof. See Theorem 1.3 in [2]. 
Remark 2.5. If ω ∈ A2, we have ‖u‖L2(Ω,ω) ≤ CΩ‖∇u‖L2(Ω,ω) = CΩ‖u‖W1,20 (Ω,ω), i.e., the embedding W
1,2
0 (Ω, ω) ⊂ L2
(Ω, ω) is continuous. 
Definition 2.6. We say that an element u ∈ W 1,20 (Ω, ω) is a (weak) solution of problem (P) if
∫
Ω
aij(x)Diu(x)Djϕ(x)dx −
µ
∫
Ω
u(x)g(x)ϕ(x)dx = − ∫
Ω
f (x, u(x))ϕ(x)dx, for all ϕ ∈ W 1,20 (Ω, ω).
If u, ϕ ∈ W 1,20 (Ω, ω), by (H2) and Theorem 2.4 (with k = 1 and p = 2) we have∣∣∣∣∫
Ω
f (x, u)ϕdx
∣∣∣∣ ≤ ∫
Ω
|f (x, u)||ϕ|dx ≤
∫
Ω
(g1 + g2|u|)|ϕ|dx
=
∫
Ω
g1ω−1/2|ϕ|ω1/2dx+
∫
Ω
g2
ω
|u|ω1/2|ϕ|ω1/2dx
≤ CΩ‖g1‖L2(Ω,ω−1)‖ϕ‖W1,20 (Ω,ω) + C
2
Ω‖g2/ω‖L∞(Ω)‖u‖W1,20 (Ω,ω)‖ϕ‖W1,20 (Ω,ω) <∞.
3. Proof of Theorem 1.1
The basic idea is to reduce the problem (P) to an operator equation u+ KFu = 0 and apply the theorem below.
Theorem 3.1. Let X be real separable Banach spaces. Suppose F : X∗ → X and K : X → X∗ are operators, with the following
assumptions:
(a) the operator K is linear, monotone and angle-bounded;
(b) the operator F is monotone and hemicontinuous.
Then the equation u+ KFu = 0 has exactly one solution u ∈ X∗.
Proof. See Theorem 28.A in [12]. 
Remark 3.2. Let X be a real Banach space.
(i) The operator A : X → X∗ is called monotone iff 〈Au1 − Au2, u1 − u2〉X ≥ 0 for all u1, u2 ∈ X (where 〈f , u〉X means the
value f (u) of the linear functional f ∈ X∗).
(ii) A : X → X∗ is hemicontinuous iff the real function t 7→ 〈A(u+ tv1), v2〉X is continuous on [0, 1], for all u, v1, v2 ∈ X .
(iii) A : X → X∗ is called angle-bounded iff A is linear, monotone and there is a constant C ≥ 0 such that |〈Au, v〉X −
〈Av, u〉X |2 ≤ C〈Au, u〉X 〈Av, v〉X , for all u, v ∈ X . 
We define
B : W 1,20 (Ω, ω)×W 1,20 (Ω, ω)→ R, B(u, ϕ) =
∫
Ω
ai,j(x)Diu(x)Djϕ(x)dx− µ
∫
Ω
u(x)g(x)ϕ(x)dx.
Then u ∈ W 1,20 (Ω, ω) is a (weak) solution to problem (P) if B(u, ϕ) = −
∫
Ω
f (x, u(x))ϕ(x)dx, for all ϕ ∈ W 1,20 (Ω, ω).
STEP 1.We define the operator F : L2(Ω, ω)→ L2(Ω, ω) by (Fu)(x) = f (x, u(x)). We have that the operator F is bounded
and continuous. In fact:
(i) Using (H2) and Theorem 2.4 (with k = 1) we obtain
‖Fu‖2L2(Ω,ω) =
∫
Ω
|Fu(x)|2ωdx =
∫
Ω
|f (x, u(x))|2ωdx
≤
∫
Ω
(g1(x)+ g2(x)|u(x)|)2ωdx
≤ 2
∫
Ω
(g21 (x)+ g22 (x)|u(x)|2)ωdx ≤ 2(‖g1‖2L2(Ω,ω) + ‖g2‖2L∞(Ω)‖u‖2L2(Ω,ω))
(ii) Let un → u in L2(Ω, ω) as n→∞. We need to show that Fun → Fu in L2(Ω, ω).
320 A.C. Cavalheiro / Applied Mathematics Letters 23 (2010) 317–321
Using Theorem 2.3, there exist a subsequence {unk} and a function Φ ∈ L2(Ω, ω) such that unk(x) → u(x)ω- a.e. in Ω
and |unk(x)| ≤ Φ(x)ω-a.e. inΩ . Hence, we obtain
‖Funk − Fu‖2L2(Ω,ω) =
∫
Ω
|Funk(x)− Fu(x)|2ωdx =
∫
Ω
|f (x, unk)− f (x, u)|2ωdx
≤ 2
∫
Ω
(
|f (x, unk)|2 + |f (x, u)|2
)
ωdx ≤ 2
[∫
Ω
(g1(x)+ g2(x)|unk |)2ωdx
+
∫
Ω
(g1(x)+ g2(x)|u|)2ωdx
]
≤ C
(
‖g1‖2L2(Ω,ω) + ‖g2‖2L∞(Ω)‖Φ‖2L2(Ω,ω)
)
.
By condition (H1) we have Fun(x) = f (x, un(x)) → f (x, u(x)) = Fu(x) as n → +∞. Therefore, by the Dominated
Convergence Theorem, we obtain ‖Funk − Fu‖L2(Ω,ω) → 0, that is, Funk → Fu in L2(Ω, ω). By the convergence principle
in Banach spaces, we have Fun → Fu in L2(Ω, ω).
(iii) By condition (H3) we have that f = f (x, t) is monotone increasing with respect to t , i.e., f (x, t1) ≤ f (x, t2) holds for all
t1, t2 ∈ Rwith t1 ≤ t2 and for all x ∈ Ω . Then (f (x, t1)− f (x, t2))(t1 − t2) ≥ 0, for all t1, t2 ∈ R, x ∈ Ω . This implies
〈Fu1 − Fu2, u1 − u2〉L2(Ω,ω) =
∫
Ω
[f (x, u1(x))− f (x, u2(x))](u1(x)− u2(x))dx ≥ 0
for all u1, u2 ∈ L2(Ω, ω), i.e., the operator F : L2(Ω, ω)→ L2(Ω, ω) is monotone.
STEP 2. The map B : W 1,20 (Ω, ω)×W 1,20 (Ω, ω) is bilinear, bounded and strongly positive. In fact:
(i) By (1.2) we have |aij(x)| ≤ Λω(x)ω-a.e. x ∈ Ω . Using Theorem 2.4 (with k = 1) and (H4) we obtain
|B(u, ϕ)| ≤
∫
Ω
|aij||Diu||Djϕ|dx+ µ
∫
Ω
|u||g||ϕ|dx
≤
∫
Ω
Λ|Diu||Djϕ|ωdx+ µ‖g/ω‖L∞(Ω)
∫
Ω
|u||ϕ|ωdx
≤ Λ
(∫
Ω
|Diu|2ωdx
)1/2(∫
Ω
|Djϕ|2ωdx
)1/2
+ µ‖g/ω‖L∞(Ω)
(∫
Ω
|u|2ωdx
)1/2(∫
Ω
|ϕ|2ωdx
)1/2
≤ Λ‖u‖W1,20 (Ω,ω)‖ϕ‖W1,20 (Ω,ω) + µ‖g/ω‖L∞(Ω)C
2
Ω‖u‖W1,20 (Ω,ω)‖ϕ‖W1,20 (Ω,ω)
= C‖u‖W1,20 (Ω,ω)‖ϕ‖W1,20 (Ω,ω),
where C = Λ+ µC2Ω‖g/ω‖L∞(Ω). Hence the bilinear form B is bounded.
(ii) We also have, by condition (1.2), (H4) and Theorem 2.4 (with k = 1 and p = 2)
B(u, u) =
∫
Ω
aijDiuDjudx− µ
∫
Ω
u2gdx ≥ λ
∫
Ω
|Du|2ωdx− µ‖g/ω‖L∞(Ω)
∫
Ω
u2ωdx
≥ λ
∫
Ω
|Du|2ωdx− µ‖g/ω‖L∞(Ω)CΩ
∫
Ω
|Du|2ωdx
= (λ− µ‖g/ω‖L∞(Ω)CΩ)‖u‖2W1,20 (Ω,ω) = C4‖u‖
2
W1,20 (Ω,ω)
,
with C4 = λ − µ‖g/ω‖L∞(Ω)CΩ > 0 (i.e., with 0 < µ < λ/‖g/ω‖L∞(Ω)CΩ = C1). Therefore the bilinear map B is strongly
positive (if 0 < µ < C1).
STEP 3. We consider the linear boundary value problem{
Lu(x)− µu(x)g(x) = h(x), onΩ
u(x) = 0, on ∂Ω.
That is, we set−f (x, u(x)) ≡ h(x). By (1.1) and Theorem 22.C in [12] the corresponding problem
B(u, ϕ) = −
∫
Ω
h(x)ϕ(x)dx, for all ϕ ∈ W 1,20 (Ω, ω)
has exactly one solution u ∈ W 1,20 (Ω, ω) ⊂ L2(Ω, ω). We set u = Kh. By Corollary 22.20 in [12], the solution operator
K : L2(Ω, ω)→ L2(Ω, ω) is linear, monotone, compact and angle-bounded. Consequently, the problem (P) is equivalent to
the operator equation
u+ KFu = 0, u ∈ L2(Ω, ω). (3.1)
Therefore, by Theorem 3.1, Eq. (3.1) has exactly one solution.
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STEP 4. In particular, for ϕ = u ∈ W 1,20 (Ω, ω)we have B(u, u) = −
∫
Ω
f (x, u(x))u(x)dx. By step 2, B(u, u) ≥ C4‖u‖2W1,20 (Ω,ω).
And we also have by (H2) and Theorem 2.4 (with k = 1),∣∣∣∣∫
Ω
f (x, u)udx
∣∣∣∣ ≤ ∫
Ω
|f (x, u)||u|dx ≤
∫
Ω
(g1 + g2|u|)|u|dx
=
∫
Ω
g1ω−1/2|u|ω1/2dx+
∫
Ω
g2ω−1|u|2ωdx
≤
(∫
Ω
g21ω
−1dx
)1/2(∫
Ω
|u|2ωdx
)1/2
+ ‖g2/ω‖L∞(Ω)
∫
Ω
|u|2ωdx
≤ CΩ‖g1‖L2(Ω,ω−1)‖u‖W1,20 (Ω,ω) + C
2
Ω‖g2/ω‖L∞(Ω)‖u‖W1,20 (Ω,ω).
Hence, we obtain C4‖u‖2W1,20 (Ω,ω) ≤ CΩ‖g1‖L2(Ω,ω−1)‖u‖W1,20 (Ω,ω) + C
2
Ω‖g2/ω‖L∞(Ω)‖u‖2W1,20 (Ω,ω). Therefore ‖u‖W1,20 (Ω,ω) ≤
C3‖g1‖L2(Ω,ω−1), where C3 = CΩ/(C4 − C2Ω‖g2/ω‖L∞(Ω)) > 0 if C4 − C2Ω‖g2/ω‖L∞(Ω) > 0 (i.e., if 0 < µ <
‖g/ω‖L∞(Ω)CΩ/(λ− C2Ω‖g2/ω‖L∞(Ω)) = C2). 
Example. Let us have Ω = {(x, y) ∈ R2 : x2 + y2 < 1}. Consider the weight ω(x, y) = (x2 + y2)−1/4 (ω ∈ A2), and the
function f : Ω × R→ R, f ((x, y), t) = cos(xy)
(x2+y2)1/4 + tsin2(1/(x2 + y2)). Let us consider the partial differential operator
Lu(x, y) = − ∂
∂x
(
a(x2 + y2)−1/4 ∂u
∂x
)
− ∂
∂y
(
b(x2 + y2)−1/4 ∂u
∂y
)
with 0 < a < b, g(x, y) = sin(xy)/(x2 + y2)1/5, g1(x, y) = (x2 + y2)−1/4 and g2(x, y) = sin2(1/(x2 + y2)). By Theorem 1.1,
the problem{
Lu(x, y)− µu(x, y)g(x, y) = −f ((x, y), u(x, y)), onΩ
u(x, y) = 0, on ∂Ω
has a solution u ∈ W 1,20 (Ω, ω).
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